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ABSTRACT 
An algorithm for generating d iscre te  approximations in  
terms of ordinates for linear differential expressions is 
d e  scribed. 
A s  a n  application a complement to a table  of numerical 
differentiation by Bickley is presented. 
ON THE CONSTRUCTION OF DISCRETE APPROXIMATIONS 
TO LINEAR DIFFERENTIAL EXPRESSIONS 
C. Ballester and V. Pereyra 
Introduction 
When solving differential  equations numerically by means of finite 
differences it is often necessary t o  obtain formulae for approximating l inear 
combinations of derivatives. While c lass ica l ly  these  type of formulae have 
been given in  terms of l inear combinations of differences of the  function at 
nodal points it is a current trend to consider directly formulae i n  terms of 
ordinates.  Moreover, for u se  on a high speed computer it is more 
convenient t o  be able  to generate these formulae as needed instead of having - 
to s tore  them in the  form of a table .  
The main objective of th i s  note is  t o  descr ibe a n  efficient algorithm for 
generating d iscre te  approximations to l inear  differential expressions in  terms 
of ordinates.  This is done in Section 2 after the problem and its analyt ic  
solution have been s ta ted in  Section 1. In Section 3 we give two appli- 
cations.  One of them t akes  advantage of one of the features  of the procedure 
which, in  certain cases, m a k e s  t he  use of rational arithmetic quite simple. 
This i n  turn permits to obtain exact  resu l t s  when needed, as in the  case of 
the  tab le  of formulae for numerical differentiation given in the  Appendix. 
This table complements the one published by Bickley in  1941, and partially 
reproduced on p. 914 of the  Handbook of Mathematical  Functions edited by 
Abramowitz and Stegun in 1965. 
Sponsored in  part by t h e  Mathematics Research Center, United States  Army, 
Madison, Wisconsin,  under Contract No. : DA-31-124-ARO-D-462,and i n  part 
by NASA Research Grant NGR-50-022-028. 
1. Discrete approximations to l inear  differential expressions 
Consider the m-th order homogeneous l inear differential expression 
m 
v =o 
in y(  x) with given continuous coefficients f v (  x) . 
The linear combination 
n 
r=O 
A ( x )  = Cry(xtcurh) 
and cy are constants ,  is called a d iscre te  approximation of order where Cr 
p for (1) a t  the point x = x if  for any sufficiently differentiable function 
y(  x) in  the  interval containing t h e  points x ( x t a  h) ( r  = 0 , .  . . , n) t h e  i’ r 
Taylor expansion of A( x) - L[ y] ( x )  h a s  its first  nonzero term for 
r 
i’ 
at x i 
It is shown in Collatz  [ 19601 , pp. 161-162, that  for any given s 2 1 
and an arbitrary choice of n t l  dis t inct  points 5 t CY h (r=O, . . . , n) , n=mts ,  n t  1 





The coefficients C sa t i s fy  the  Vandermonde system of equations k 
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I o  for m + l  2 k 5 n . 
There a re  applications in  which severa l  differential  expressions of the  
type (1) 
orders and with different configurations of nodal points. ( cf. Volkov [ 1957 1 ,  
Pereyra [ 19661) 
equations ( 4) in  an efficient manner. 
have to be  approximated by means of d iscre te  formulae of diverse  
In those  c a s e s  i t  is of interest  t o  so lve  the  system of 
Closed  formulae for the elements of the  inverse of a Vandermonde matrix 
are wel l  known ( see for instance Gautschi [ 19621, Macon and Spitzbart [ 19571 ) . 
These formulae involve the  m-th elementary symmetric functions of the 
and their  u se  in solving problem ( 4 )  is neither s i m p l e  nor economical. 
a 
r 
The a i m  of t h i s  note is to provide a n  efficient algorithm for solving 
Vandermonde systems of linear equations which appl ies  directly to the 
solution of ( 4 )  . 
2. Solution of Vandermonde system of l inear equations 
Given the  n t 1 real and distinct numbers ( ao, 
V( ao,. . . ,an)  = ( v .  * )  
- 
. , an) ,  let 
( i , j ,  = 0 ,  ..., n) 
11 
( 5) 
be a Vandermonde matrix, i.e. 
i v = a  
i j  j 
#671 - 3 -  
We will  derive an  algorithm for solving the  system of l inear equations 
V ( a o ,  ...,a ) x = b  , n ( 7 )  
where b = ( bo,. . . , b ) n is given. This algorithm will  t ake  in account t he  
spec ia l  structure of the matrix V. 
We claim that the factorization of the  matrix V as  a product of an  upper 
and a lower triangular matrix can  be given explicit ly and in a very simple 
fashion. Observe that  th i s  factorization is possible  s ince  all t h e  principal 
minors of V are a l so  of the  Vandermonde type and s ince  t h e  Q are  d is t inc t  i 
t h i s  impl ies  that those minors are nonzero. 
( 1) 
whose nonzero ( i) Let  u s  consider the  n bidiagonal matrices L = (1 jk ) 
elements are 
( j  = 0 ,  ..., n)  
(i) 
j ,  1-1 
= --cy ( i = o , * . . , n - l ) ,  ( j  = i t l , * . . , n )  
i 
I 
Theorem. Premultiplication of t h e  system ( 7 )  by the matrices 
L ( O )  9 L( ') , . . . 9 L( - ') reduces it to  upper triangular form. Moreover, th i s  
upper triangular form can  be explicit ly written as U = ( u .  ,) with 
13 
u = 1  ( j  = 0 ,  ..., n)  
o j  
u = o  
i j  
i j  = I I  ( Q j  - as)  ( 1 Z i Z j ~ n )  . 
s =o 
This last equation can  a l s o  be written as  
U i j  = ( a j  - Q ) u i-1 i-1, j ( 1 Z i Z j S n )  . 
- 4- 
~ 
Proof The proof is by induction. 
Ca l l  V ( 0 )  - V ( a o , .  . . ,an) , 
( 9 )  
Thus 
(1) i -  1 
,(1) - L(o) v ( ~ )  = (v(') ) where v = CY ( Qj - cyo) 
i j  i j  j - 
( 1) 
oj 
for i 2 1, and v = 1 ( j  = 0 ,..., n)  . 
In particular v = 0 for i 2 1 and all t h e  elements of t h e  first  column but 
t h e  f i rs t  one have been eliminated. We will  show now t h a t ,  more general ly ,  




7 ( C Y  - a S )  
s=o 
= ( k  < i S  n ;  O S  j 5 n )  . 
j 
Formula ( 9) shows that  ( 10) is true for k = 1. Assume that  it is valid for 
k, 1 < k < n . does not disturb t h e  
first k rows and k - 1 columns of V( k, . 
k < i  Z n ,  k Z j Z n  w e h a v e  
It is c lear  that  multiplication by L ( k, 
On the other hand, for 
and from (10) 
X671 -5- 
k-1 k-1 
( k t l )  i -k  i-k-1 m(ff 
= TT(ffj - C Y s ) -  (Y ff - as) = 
13 j s = ~  k j  s=o j V. I 
which is (10) for the s t ep  k t 1. If we put k = n i n  (10) we obtain 
and i t  is clear  that all elements below the main diagonal are zero and thus 
-1 is an upper triangular matrix. Since L is a l s o  lower triangular and h a s  ones  
on the  main diagonal t h i s  is the  unique decomposition of V in terms of upper and 
lower triangular matrices having tha t  property ( cf. Householder [ 19641 ) . 
From (12) it follows that U c a n  be constructed by means of the recursion 
for mu la  
(14) oj i j  
while the new right hand s ide b = Lb is to  be obtained from: 
u = 1  , u = (a j  - Qi-1 ) u  i-1, j ( l S i Z j S n )  , 
rv 
(n )  v b = b  
Once (14) and (15) have been computed the x in  (7 )  can  be obtained by the 
standard backward s u s t itut ion 
- 6- #671 
3 .  Applications. 
In applying the method of iterated deferred corrections (cf. Pereyra [1966] ) 
to the solution of the two point boundary value problem 
Y ”  = f b , Y )  
i t  is necessary  to construct discrete  approximations t o  l inear differential 
expressions like 
with orders 2 N  t 2 in  h at  all the nodal points x. = a t i h  i = 1 , .  . . , n - 1 
n = ( b  - a ) / h  . 
1 
It is clear  from our definition that what we need are expressions of the form 
(2)  of order p = 2 ,  that  is q = 2 N  t 4 . Since we would like to use  values  of 
y(x)  only a t  the nodal points i t  is clear that  we can  use  symmetrical formulae i f  we 
s t ay  far enough from the boundary. 
necessary  to  use unsymmetrical formulae. 
N = 1. 
for y (4)  and i t  can  be obtained from Bickley’s Table (1. c. ) 
For points c lose  t o  the boundary i t  will  be 
Let u s  examine the s implest  c a s e ,  
A symmetrical formula with five points will  give the required accuracy 
( j  = 2 ,  ..., n - 2 )  
or e l s e  i t  can be generated by solving a system of five linear equations l ike 
with 
(7), 
LY = i - 2  , b i = 2 6  ( i = O , . . . , 4 )  
i i2  
(20 )  
#671 - 7- 
For j = 1 and j = n - 1 we have to  use  unsymmetrical six point formulae which 
can  also be found in Bickley's Table. If more terms in  (18) a re  desired then 
the boundary situation becomes more involved and the number of different formulae 
grows steadily.  It is in this  case that the u s e  of our generating procedure becomes 
more advantageous s ince  by giving a few parameters we c a n  obtain all the necessary  
coeff ic ients  quite rapidly. 
ar is ing i n  the  solution of boundary value problems for partial differential equations.  
This is a l s o  true for more complicated s i tuat ions l ike those  
A s  a second application of our procedure we  have generated the coefficients 
for the n point approximations to  the m-th derivative of a function y(x)  
for m = l(1) 10, n = m t l (1 )  11 a t  every nodal point. This table superposes  and  
complements that  of Bickley and in the Appendix we reproduce a part of it. 
The procedure of Section 2 is particularly well  sui ted for th i s  purpose 
s ince in  this case the (Y 
change th i s  situation. This c a n  be clearly s e e n  in  formula (12). This means 
tha t  only the backward sust i tut ion will  have to be carried out i n  rational 
arithmetic in order to  obtain the exact values  of the coefficients.  
interesting feature,  a l s o  shown in (12) is that  the factorization tends  to 
decrease  the values  of the entries.  This has  been  proved to  be  of cr i t ical  
importance in  the exact  inversion of matrices with integer coefficients 
(cf. Rosser [1952] ) 
calculat ions may grow beyond the word s i z e  of the  computer being used. 
are integers and the triangular decomposition does  not 
i 
Another 
s ince  otherwise the number of digits in  intermediary 
- 8- #67 1 
REFERENCES 
Abramowitz, M. and Stegun, I. A. [1965] Handbook of Mathematical Functions. 
Dover, New York. 
Bickley, W. G. [1941] '?Formulae for numerical differentiation'! Math. Gaze t te  
2 2 5  19-26. 
Collatz,  L. [1959] The Numerical Treatment of Differential Equations. Third 
Ed it ion , Springer - Ve rl ag  , Ber 1 in. 
Gautschi ,  W. [1962] "On inverses  of Vandermonde and confluent Vandermonde 
matrices". Numer. Math. 4 , 117-123. 
Gregory, R. T. [1957] "A method for deriving numerical differentiation formulas". 
American Math. Monthly 64 , 79-82. 
Householder, A. [1964] The Theory of Matrices in  Numerical Analysis. Blaisdell 
Publishing Co. , New York. 
Macon, N. and  Spitzbart, A. [1958] "Inverses of Vandermonde matrices". 
American Math. Monthly 65, 95-100. 
Pereyra, V. [1966] "On improving a n  approximate solution of a functional equation 
by deferred corrections'". 
Tech. Rep. CS29 (1965). 
To appear in  Numer. Math. , also Stanford U. 
Rosser, J. B. [1952] "A method of computing exact inverses  of matrices with 
integer coefficients". Journal of Res. NBS 49 No. 5, 349-358. 
Volkov, E.A. [1957] '?An ana lys is  of an algorithm of heightened precision for the  
solution cf Poisson's equation''. Vych. Mat. 1 , 62-80 (Russian). 
Translated by R. Bartels i n  Stanford U. Tech. Rep. CS27 (1965). Also in  
AMS Translations, Series 2, Vol. 35  pp. 117-136 (1964). 
#671 - 9- 
APPENDIX 
Supplement to a table for numerical differentiation. (Bickley) 
The following table  gives  the  coefficients A and the  coefficients m n  pr 
of the error terms E for the discrete  approximations 
mn P 
for the following values of the parameters: 
m = 1 ( 1 ) 6  , n = 7 , 9  , all p ; 
m =  5 , 6  , n = 8 , l O  , all P , 
which were absent  from Bickley's table .  
generated using the method of Section 2 and it agreed throughout with the va lues  
The complete table  of Bickley w a s  
given in Bickley's paper. 
The coefficients A (r = 0 , .  . . , n) can  be found i n  the column p of 
the table with heading: Derivative m , Points n. The Error row contains  the 
mn pr 
coefficients e of the error terms 
mn P 
where 
E = e hn y ( n ) (  5) 
mn p mn p 
which is eas i ly  derived from the general  formula ( 3 )  . (cf. also Gregory [1957] ). 
For even derivatives and  odd number of nodal points e 
and the corresponding symmetric formula have a n  extra order in  h. 
cases the error coefficients are marked with a n  as te r i sk  (*) , and (22), ( 2 3 )  
vanis  he s mn z(n-1) 
For these  
-10- #6 71 
should be replaced by 
2 s t 2  ( 2 s t 2 )  
E =  e h  Y ( 5 )  Y 2 k ( 2 s t 1 )  s 2 k ( 2 s t l )  s 
2 s  
j = O  
A mn pj 
2 s t 2  C 1 e = -  2 k ( 2 s t l )  s ( 2 s t 2 ) !  ( 2 s ) !  
where m = 2 k  , n = 2 s t l  and p = s .  
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DER I V A T I V E  









































































A O  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
ERROR 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A b  

















































































406627-093 -205893-002 302411-003 
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P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
ERROR 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  

























































































P 0 1 2 3 
A 0  1960 735 1 4 0  -35 
A 1  -11659 -3920 -385 4 2 0  
A 2  29820 8925 0 -1365 
A 3  -42665 -11340 1085 1960  
A 4  36960 8785 -1540  -1365 
A 5  -19425 -4200 945 42 0 
4 6  5740 1155 - 2 8 0  -35 
A 7  -735 -140 35 0 
ERROR 1,6788-001 2.2049-002 -5.1292-003 1.2153-003 
DERIVATIVE 4 
POINTS 8 
P 4 5 6 
A 0  0 35 -140  
A 1  -35 -280 1155 
A 2  420 945 -4200 
A 3  -1365 -1540 8785 
A 4  1960 1085 -11340 
A 5  -1365 0 8925 
A 6  420 -385 -392 0 
A 7  -35 1 4 0  735 
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A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  





































ERROR -4.8611-002 -1.3889-002 -6.3657-004 1.3889-003 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  







































ERROR -1.3889-003 -6.3657-004 1.3889-002 4.8611-002 





A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
4 6  









































A 0  
A 1  
A 2  
A 3  
4 4  
A 5  

































A 7  7 14 2 1  28 
ERROR -3.4722-004 1.0417-003 3.8194-003 7.9861-003 
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P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
ERROR 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  












































































































A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  























































A 0  -14 
A 1  112 
A 2  -336 
A 3  448 
A 4  -140 
A 5  -336 
A 6  448 
A 7  -224 
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DER I VAT I V E  1 
POINTS 10 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A b  
A 7  
A 8  
























































DER I V A T  I V E  
POINTS 10 
P 5 
A 0  -576 
A 1  6480 
A 2  -34560 
A 3  120960 
A 4  -362880 
A 5  72576 
A 6  241920 
A 7  -51840 
A 8  8640 














































ERROR 709365-004 -101905-003 2.7738-003 -1.1111-002 1.0000-001 
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P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
A 9  
ERROR 
P 
4 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
A 9  
ERROR 
#67 1 
D E R I V A T I V E  2 




152 12448 - 1 0 4  1984 
2062368 
29479464 -2344608 
-2 5 3 5 7246 
-24040800 18642 96 
1352 5 344 -1 028 160 
-5012928 375264 


































































































- 5  9 732 64 
1172700 
208290-001  
-2  1- 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 0  
A 9  
ERROR 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
4 9  
ERROR 







-2 95 7 0 184 
24743880 




-3 0 23 16-00 1 
DER I VAT I VE 









































































































7 2 3 6 8 0  
3.2316-001 
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D E R I V A T I V E  
POINTS 1 0  
4 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  



















































A 9  -67284 -6363 1638 -441 0 
ERROR 1.9943-3b1 1.4Ulu-062 -3.5246-003 9.8931-004 -2.2597-004 
DER I V A T  I V E  
POINTS 1 0  
P 5 
A 0  0 
A 1  441 
A 2  -6048 
A 3  42508 
A 4  -122976 
A 5  171990 
A 6  -122976 

























- 15 52 194 
1994328 
-1799028 










~a -6048 22743 3654 -403515 -1932084 
A 9  44 1 -1638 6363 6 7 2 8 4  269325 
ERROR -2.2597-004 9.8931-004 -3.5246-003 1.4010-002 1,9943-001 
# 6 7  1 -23- 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
A 9  
ERROR 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
A 9  
ERROR 
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DER I V A T I V E  










-2 1968 1 
22449 
D E R I V A T I V E  
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2 5 6 4 1  
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D E R I V A T I V E  6 
POINTS 10  
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
























































ERROR 1,7436-002 409363-003 4.2245-004 -2.7199-004 7.5231-005 
D E R I V A T I V E  
P O I N T S  10 
P 5 
A 0  0 
A 1  -126 
A 2  1512 
A 3  -6552 
A 4  14616 
A 5  -18900 
A 6  14616 
A 7  -6552 
A 8  1512 














































ERROR 705231-005 -2.7199-004 4.2245-004 4.9363-003 1.7436-002 
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D E R I V A T I V E  5 
POINTS 11 
P 
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  




A O  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  




































































































P 8 9 
A 0  -3255 44035 
A 1  34060 -496440 
A 2  -167265 2500785 
A 3  468720 -7565040 
A 4  -827190 1 5  264270 
A 5  884520 -21540960 
A 6  -420210 2 1598290 
A 7  -196560 -15215760 
A 8  405405 7201215 
A 9  -223860 -2060520 
A 1 0  44833 269325 
ERROR -9.7277-034 1.1383-002 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A t  
A 8  
A 9  
A10 
ERROR 
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P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
A 9  
A 1 0  
ERROR 
P 
A 0  
A 1  
A 2  
A 3  
A 4  
A 5  
A 6  
A 7  
A 8  
A 9  
A 1 0  
ERROR 
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180 1989 0 
-23630796 
21636090 
-136558 8 0 
5 6 8 ~ ~  
















# 6 7 1  
